Abstract. A numerical method for the reconstruction of interfaces in finite volume schemes for multiphase flows is presented. The computation of the triple-point at the intersection of three materials in two dimensions of space is addressed. The determination of the normal vectors between pairs of materials is obtained with a finite element approximation. A numerical method for the localization of a triple-point is described as the minimum of a constrained minimization problem inside an interfacial cell of the discretization. For given volume fractions of materials in the cell, an interior-point/Newton method is used for the reconstruction of the local geometry and the localization of the triple-point. Initialization of the Newton method is performed with a derivative-free algorithm. Numerical results are presented for static and pure advection cases to illustrate the efficiency and robustness of the algorithm.
Introduction
Free surface flows appear in many fields of science and engineering, such as mold filling [10, 22] , welding [7] or combustion and atomization [19] .
In volume tracking finite volume based methods, see e.g. [29] , the geometrical reconstruction of the interfaces between the various materials is a crucial issue in order to estimate accurately the propagation fronts. In volume-of-fluid methods, the description of the position of each material relies on the characteristic function of the domain filled with each material [20] . For both incompressible or compressible flows, the equations modeling the flow in each material are coupled with the advection equations governing the behavior of the volume fractions of materials [18] . In order to reconstruct a sharp approximation of the interfaces, a geometrical reconstruction locally in each interface cell of the discretization is needed to reduce the numerical diffusion and blurring of the propagation fronts induced by most algorithms. Several methods can be found in the literature for the reconstruction of an interface in two-phases flows, the most popular ones being the SLIC (Simple line interface calculation) [9, 24, 26] or the PLIC (Piecewise linear interface calculation) [29, 30, 37, 32] procedures, the parabolic reconstruction of interfaces [28] or markers methods [2, 3] . In the SLIC method, the interface is reconstructed by determining the local normal vector to the interface and constructing a linear interface between two media that matches the volume fractions of materials in the cell, via a bisection method for instance [12, 29] .
The two-dimensional case is discussed in this article. When three phases are adjacent in one cell, they can be arranged in layers or in a triple-point configuration where one point is located at the intersection of the three interface planes between pairs of materials [1, 14, 15, 31] . At equilibrium, the position of a triple-point and the orientation of the interfaces between pairs of materials can be determined by giving the contact angles between the interfaces, based on physical models or experimental data [17, 34] . However, in non-stationary cases, when the equilibrium between the different phases is not reached, the position of the triple-point and the orientation of the interfaces have to be reconstructed without relying on equilibrium angles. The reconstruction can rely on the approximation of normal vectors [1, 8] or be based on power diagrams [5, 31] .
The approach presented here is an extension of the PLIC algorithm. The computation of a triple-point configuration requires i) the determination of the normal vectors of the interfaces between pairs of materials and ii) the localization of the triple-point in order to match the volume fractions of materials in the cell given by the finite volume method and the geometric volumes delimited by the triplepoint and the three interfaces. The determination of the normal vectors is based on a finite element approach [6, 23] . For given normal vectors, the localization of the triple-point is based on a constrained minimization problem, solved with an interior-point method [25] , coupled with a Newton iteration [36] and pattern-search techniques [13] . The procedure is based on the minimization of the difference between normalized computed volumes and volume fractions produced by the finite volume scheme, provided that the triple-point remains in the cell. As an extension of the PLIC algorithm, the proposed approach reconstruct linear interfaces and is therefore first order accurate.
The structure of this article is the following. In Section 2, the model for the flow and the volume fractions of materials is briefly presented. In Section 3, the computation of the normal vectors is presented and in Section 4, the problem of the localization of the triple-point is detailed. Finally, numerical results are presented in Section 5, in particular for the reconstruction of T-shape and Y-shape configurations.
Governing Equations
The physical model considered is briefly described here; a complete description can be found in [12] . Let Ω ⊂ R 2 be a bounded domain and Γ = ∂Ω be its boundary. Let T > 0 be a finite time and let M be the total number of materials/phases existing in the system.
The volume fractions describe the positions of the different materials. They are denoted by f k , k = 1, . . . , M , each of them being the characteristic function of the domain where the material k is present. Therefore f k is equal to one in the phase k, zero outside and jumps across the interface.
Let ρ k and µ k , k = 1, . . . , M be the constant density and viscosity of the fluid in the phase k, respectively and ρ and µ the piecewise constant functions defined respectively by ρ k and µ k in the phase k.
The velocity and pressure of the fluid are denoted by u and p respectively. For Newtonian fluids, the equations of conservation of mass and momentum in the space-time domain Ω × (0, T ) are:
where f denotes the surface and body forces applied onto the fluid. In the particular case of incompressible immiscible fluids of different constant densities, the conservation of mass gives ∇ · u = 0 in each phase [18] . Appropriate initial and boundary conditions are prescribed. In particular, on the free boundaries (interfaces between materials), the normal velocity is continuous and surface tension effects are taken into account, so that the equilibrium force balance is given by −pn + µ(∇u + ∇u T )n = σκn, where n denotes the normal vector to the interface between the two phases, σ is the constant surface tension coefficient (depending on the two adjacent phases), κ is the curvature of the interface, and [·] denotes the jump of a quantity across the interface.
The conservation of mass, the immiscible fluid property, and the constant density ρ k leads to
This relation is an evolution equation for the location of each phase. The numerical solution to (1) is given by a finite volume scheme. Computation of the fluxes at the boundaries of a cell are determined by the geometric reconstruction of the local interfaces inside each interface cell. Details of the numerical scheme can be found in [18] . In the following we focus on the geometrical reconstruction of the interfaces for triple-point configurations and the consequences on the accuracy and consistency of computation of fluxes, especially for coarse meshes.
Computation of Normal Vectors and Orientation of Interfaces
Let Q h be a quadrangulation of Ω, h the mesh size, and Q ∈ Q h a generic cell of the quadrangulation (quadrilateral). Let V Q denote the surface of the cell Q. Let N c be the number of cells in Q h . For the characteristic function f of any material domain, the finite volume scheme presented in [18] provides a piecewise constant approximation of f in Q h , denoted by f 0,h , with values located at the center of the cells.
In the case of two materials in the same cell Q, planar interfaces are geometrically constructed to determine the boundary between the two materials in each mixed cell Q, by using the PLIC algorithm (piecewise linear interface calculation) [29] . The case of three materials in the same cell is addressed in the sequel.
For the characteristic function f of the material domain, the approximation of the normal vector n oriented outside the material domain is computed here in a finite element framework. Let us denote by T h a nested finite element mesh constructed by dividing one quadrilateral Q ∈ Q h into eight triangles such that each triangle has one vertex in the center of the cell, one in the center of a face of the cell and the remaining vertex is superimposed with one vertex of the cell. Let K denote a generic triangle of T h . The number of vertices in T h is denoted by N n , the piecewise linear finite element basis functions based on T h being denoted by ϕ j , j = 1, . . . , N n . The piecewise linear approximation of any volume fraction f on T h is noted f 1,h and given by the L 2 -projection of f 0,h defined by
The projection allows one to obtain a piecewise linear approximation f 1,h on the finite element mesh. The approximation f 1,h is differentiated to obtain a piecewise constant value ∇f 1,h on each K ∈ T h , that is normalized locally to give the normal vector n 1,h . The value of the normal vector at the vertices of T h is denoted by n 0,h and is given by the projection of the piecewise constant field n 1,h on the vertices of the finite element mesh:
The accuracy of the method has been discussed in [6] . The procedure is repeated for all three phases. Figure 1 illustrates the possible configurations with three materials in a cell Q. The three materials can either be arranged in layers (Figure 1 (a) ), or in a starshaped configuration that splits the cell in three regions that are adjacent in one point called the triple-point (Figure 1 (b) and (c) ). The general configuration (c) is referred to as the Y-shape configuration, while the case (b) when two interfaces of the star-shaped configuration are aligned (one contact angle is equal to π) is referred to as the T-shape configuration.
The onion skin model [12, 37] allows one to reconstruct layers configurations (see Figure 1 (a) ). The materials are arbitrarily ordered and the ordered volume fractions are denoted by f i1 , f i2 , f i3 . The derivatives ∇f i1 , ∇(f i1 + f i2 ) are successively computed to determine the orientation of the interfaces between the material i 1 and i 2 and i 2 and i 3 respectively. The ordering of the materials is set a priori and may lead to non-physical reconstructions. For instance, geometric reconstructed interfaces can cross each other.
The T-shape configuration shown in Figure 1 (b) can be treated with two successive applications of the PLIC algorithm as in [8] . In the following, a treatment of the general Y-shape triple-point configurations (Figure 1 (c) ) is presented. Alternative reconstructions can be found for instance in [1, 8, 14, 15] .
The algorithm to distinguish between these various configurations in a cell Q relies on the values of the volumes fractions of liquid f 1,h of the three materials in the cells in the neighborhood of Q. We assume there exist cells adjacent to Q that contain exact pairs of materials. That means, for each pair of material (i, j), there exists a unique cell Q ′ , adjacent to Q, that contains material i and j only. In the cell Q ′ that contains two materials i and j, the normal vector oriented towards the material j, is given before normalization by:
Both vectors ∇fi |∇fi| and ∇fj |∇fj | are computed with finite element techniques as presented before. The minus sign is introduced to average two vectors oriented towards the material j and preserve symmetries, as illustrated by numerical results in Section 5. When the averaging is not considered, a bias may be introduced in the computation of the normal vectors by the arbitrary ordering of the three materials.
Once the normal vectors in cells with two materials are obtained, we consider one generic cell Q which contains three phases and denote by f k > 0, k = 1, 2, 3, the volume fractions of the three materials in this cell. Once the normal vector between materials i and j has been determined by (2) in the cell Q ′ , its value determines the normal vector between materials i and j in the original cell Q. This procedure is repeated for the successive pairs of materials. By convention, for the interface between materials 1 and 2 (resp. 2 and 3), the normal vector is oriented towards the material 2 (resp. 3). For the interface between materials 3 and 1, the normal vector is oriented towards the material 1.
4. An Interior-Point Method for the Localization of the Triple Point 4.1. Minimization Algorithm. An optimization method for the localization of the triple-point is presented. The mesh is not necessarily orthogonal along the Ox and Oy directions. For any pairs of materials i 1 and i 2 , the normal vectors to the interfaces between the materials i 1 and i 2 in a cell with three phases are computed with the procedure described in Section 3. The numerical method for the determination of the position of the triple-point is detailed here for a given set of three normal vectors. Given the three normal vectors to the interfaces between pairs of materials, any point in the cell splits the cell into three regions, as illustrated in Figure 2 . The volumes V j , j = 1, 2, 3, of these three regions can be computed and normalized by the volume V Q of the cell Q, to be compared to the volume fractions f j , j = 1, 2, 3. A sequence of points in the cell is then computed in order to minimize the difference between V j /V Q and f j , until a stationary solution is reached. The sequence of iterates is constrained in order to remain in the cell. This iterative procedure requires the computation of the volumes delimited by the iterates of the triple-point in the cell and the computation of a descent direction to update the triple-point position.
The normal vectors between every pair of materials are denoted by n α , α = 1, 2, 3. Let us denote by T P the triple-point and by x k , k = 0, 1, 2, . . . the iterates generated by the method. Since
The geometric volumes V i (x, y), i = 1, 2 are defined by x = (x, y) and the intersections points of the lines that go through x, with normal vectors n α , with the faces of the cell. The point T P = (x, y) in the cell Q such that g(x, y) = 0 is the triple-point. The problem of finding a root of (3) can be treated with a least squares-like method, under the constraints that the point T P remains in the cell Q. Let A ∈ R 4×2 and b ∈ R 4 be the matrix and vector such that the equation Ax = b describes the equations of the four faces of Q. The condition x ∈ Q is therefore equivalent to the inequalities Ax ≥ b. The triple-point is expressed as the solution of the following constrained minimization problem:
where G : R 2 → R is a potential such that g(x, y) = ∇G(x, y). Slack variables z = Ax − b ∈ R 4 are introduced. The first order optimality conditions (KarushKuhn-Tucker conditions) relative to (4) therefore read
where µ ∈ R 4 are the dual variables associated to the equality constraints
The last equation in (5) corresponds to the strict complementarity conditions due to the inequalities z ≥ 0. It corresponds to z i µ i = 0, i = 1, . . . , 4. The strict complementarity conditions are relaxed with an interior-point method [25] . A parameter ν > 0 is introduced so that they are replaced by the weaker formulation:
The inequality constraints are therefore removed. The sequence of estimates x, µ, z obtained for given ν converges to the solution to (5) when the parameter ν tends to zero [16] . The corresponding (unconstrained) nonlinear system of equations reads:
The last equation is satisfied component by component, i.e. µ i − ν/z i = 0, i = 1, . . . , 4. For given ν, the nonlinear system (6) is solved with a Newton method. The displacements p x ∈ R 2 , p z ∈ R 4 and p µ ∈ R 4 for the variables x k , z k , µ k at iterate k are the solutions to the KKT Newton system:
and the variables x k+1 = x k + p x , z k+1 = z k + p z and µ k+1 = µ k + p µ are updated, together with a step-length search if needed. Then ν is reduced and a Newton step is repeated. The function g is piecewise continuously differentiable (PC 1 ), since the derivatives are discontinuous when the iterate x k is such that one interface between two materials hits one corner of the cell (see Section 4.3). When the three normal vectors n α , α = 1, 2, 3 are nearly colinear, the KKT system (7) is ill-conditioned or the Newton iterates converge to a point on the boundary of the cell. This criterion is used to switch to the onion skin model [12, 37] for a layers configuration.
The implementation of the algorithm is as follows. An initial guess x 0 of the triple-point is obtained with a pattern-search derivative-free algorithm, see Section 4.2. Then for k ≥ 0, (7) is solved to obtain a descent direction and the iterate x k+1 is obtained. In order to solve (7), the function g and its derivatives ∇g are computed analytically almost everywhere, as detailed in Section 4.3.
The minimization problem (4) does not necessarily admit a minimizer that satisfies g(x) = 0. More precisely, if there exists x ∈ Q such that g(x) = 0, the interior-point/Newton algorithm converges to x if the initial guess is in a neighborhood of the solution, while, if g(x) = 0, ∀x ∈ Q, then µ = 0 and (6) gives z = 0 when ν → 0, by strict complementarity. In that case, the algorithm converges to a point x ∈ ∂Q and switches to the onion-skin configuration. The Newton method applied to (6) converges quadratically in the neighborhood of the solution, even if g is piecewise continuously differentiable (see Section 4.3) [21, 35] . The local convergence of the Newton method is the reason of the addition of a pattern-search derivative-free algorithm for its initialization, which allows to conclude to the global convergence of the whole algorithm for any guess point in the cell.
4.2.
Initial Guess for the Newton Method. The Newton approach can be coupled with a derivative-free pattern-search method [11, 13, 33] for a better initial guess of the Newton iterations and global convergence properties. The initial guess for the sequence generated by the Newton method is located at the center of the cell. An alternated-direction search is then applied locally to find a descent direction based only on the values of the objective function g. Let us denote by e j the directions along each coordinate axis and ∆ k be a step length. When the mesh is orthogonal, the exploratory moves are defined with the following algorithm.
(
When the mesh is not orthogonal, the directions e i are replaced by the average of the tangential vectors to two opposite faces.
Computation of Volumes and Derivatives.
In the numerical resolution of (7), the evaluation of the function g and its derivatives ∇g is required. The function g is expressed through the volumes 
where t = c 1 − c 2 is the tangential vector to the face on which the intersection point x k α lies, c 1 , c 2 are the vertices of that face and F := t y c 1,x − t x c 1,y . One can check that these points are the intersection points between the two lines n The computation of the intersection point of the oriented interface with one face of the cell (together with the recognition of this face) is based on (8). For each interface (i.e. for each pair of materials) and for each face f = 1, . . . , 4 of the cell, we do (i) Compute the intersection point of the interface with the face with (8). (ii) Check that the intersection point is inside the segment [c 1 ,
Once the intersection points are known, the computation of the partial volumes is achieved. Let a, b, c, d be four points of R 2 . For any oriented quadrilateral abcd (with counter-clockwise orientation), the geometrical (positive) volume is given by
Relationship (9) also holds for a triangle when two vertices of the quadrilateral are superimposed. The truncated region of the cell by a given phase is determined by the iterate x k , two intersection points x k α and x k β , and zero, one or two vertices of the cell. Figure 3 shows a sketch of the three possible configurations for the volumes. The truncated volumes are expressed by volumes of quadrilaterals (eventually degenerated into a triangle), or sum of such volumes as in Figure 3 (right) and their volumes is computed with (9) as the sum of one or several quadrilaterals.
If the normal vectors to the interfaces n α and n β are given, the volumes of the regions occupied by the various materials are polynomial functions of degree two in terms of the coordinates (x, y) of x k . First consider the situation represented in Figure 3 (8) and (9) 
One can check that the volume (11) is independent of the choice of the auxiliary point m in the segment [c 1 , c 2 ]. The last case is the situation represented in Figure 3 (left) . The surface
, so that (9) leads to:
Relationships (10) (11) (12) imply the general formulation
for well-chosen coefficients C x 2 , C y 2 , C xy , C x , C x and D. Relationship (13) implies that the function V (x, y) is piecewise continuously differentiable. Let us denote by ∇V ∈ R 2 the derivatives of V with respect to the coordinates (x, y). The derivatives ∇V of the volumes with respect to the coordinates (x, y) of x k are given by:
and the function ∇V is piecewise continuous in the cell, with discontinuities occurring when the intersection point falls in a corner of the cell. Relationships (13) and (14) give explicitly the values of the function g and its derivatives ∇g, and the Newton direction resulting from the resolution of (7).
In the finite volume scheme, the computation of the fluxes through the faces of the cells for the resolution of the flow equations is modified for triple-point configurations in one cell.
The advected volumes located near a face f can be computed geometrically when the normal vector to the interface, the intersection point between the interface and the cell face (if any) and the coordinates of the vertices of the cell are known. In order to take advantage of the new interface reconstruction, the time step should be chosen such that the advected volumes do not overlap with the triple-point. The modified geometric reconstruction induces different fluxes and can reduce the flotsam of the onion-skin method in multi-phases flows [4, 27] , especially for coarse meshes.
Numerical Results
The tracking of triple-point configurations has been implemented in the threedimensional code Truchas [12] and numerical experiments are validating our approach. Since Truchas is a three-dimensional code, simulations are reproduced in a thin domain, composed of one layer of one cell along the Oz-axis to mimic two dimensional situations.
Y-shape and T-shape Static Cases.
Static cases are considered to validate the determination of the position of the triple-point. We consider three materials (e.g. water, void and graphite) in the square domain (−1, 0) × (−1, 0). For the T-shape configuration, the water and air lie on a planar surface of graphite, with a vertical interface. The triple-point is therefore located exactly in the middle of the domain and there is one adjacent angle that is equal to π. For the Y-shape configuration, the situation is similar except that there is no flat angle adjacent to the triple-point. The domain is split into a finite volume grid of 3 × 3 × 1 cells. The triple-point is located in the center cell (−2/3, −1/3) × (−2/3, −1/3). For the T-shape configuration, the exact values of the normal vectors to the interface are given respectively by n 12 = (1, 0) T , n 23 = (0, −1) T , n 31 = (0, 1) T . The initial guess is placed in a neighborhood of the center of the cell. The tolerance for the stopping criterion of the Newton method is ε = 10 −13 . Both situations are illustrated in Figure 4 to compare with the actual onion-skin method and show the improvement of the present triple-point method. For the T-shape situation, the first row of Figure 4 shows the reconstruction when the first material is on the upper left, while the second row illustrates the situation when the first material is at the bottom. In the latter case, the ordering of the materials is more appropriate since the horizontal interface is reconstructed more precisely.
As expected, the new reconstruction does not recover the planar interface in the T-shape configuration, but preserves the symmetry. For the Y-shape configuration, the symmetry is also obtained in the central cell. The nature of the method implies
Layers method
Triple-point method First and second rows: a T-shape situation with different material ordering, third row: a Y-shape situation. The first column is the true setup, the second column shows the reconstruction with the onion-skin model [12, 37] and the third column shows the reconstruction with the triple-point method inside the central cell.
that the results for Y-shape configurations are more accurate than those for the T-shape configurations, for which a sequential PLIC method as in [8] also avoids the crossing of interfaces.
The reconstruction of the interfaces is illustrated in Figure 5 on page 13, for various configurations. The ordering of the materials is given in the left column. These examples allow one to conclude on the robustness of the method in static cases. The Newton method converges approximately in 60 iterations in average, for a tolerance of ε = 10 −13 on the residual ||g(x, y)|| (without pattern-search initialization) and in less than 20 iterations, for a tolerance of ε = 10 −6 on the residual ||g(x, y)||.
Triple-point method 5.2. Translation of a T-shape Configuration. The T-shape configuration is considered here. The materials are advected with given constant velocity v ≡ −1 along the Ox axis. Boundary conditions are set accordingly. The order of materials is as follows: material 1 is on the bottom, material 2 on the upper left part and material 3 on the upper right part. The T-shape configuration has to be translated but conserved at each time step. Results are illustrated in Figure 6 and show that the reconstruction of the topology at each time step is improved, in particular for the location of the triple-point.
5.3.
Rotation of a Y-shape Configuration. The symmetric Y-shape configuration is considered here. The materials are rotated counter-clockwise with constant given velocity v ≡ (−2(x + 0.5), 2(y + 0.5))
T around the Oz axis located in the middle of the two-dimensional domain. The order of materials is as follows: material 1 is on the upper part, material 2 on the right part and material 3 on the left part. The Y-shape configuration is conserved at each time step. Results are illustrated in Figure 7 and show the robustness of the algorithm. The reconstruction of the topology at each time step is improved. Numerical results also show that the direction of the initially vertical interface is consistent with the theoretical value of the rotation angle. Figure 8 illustrates the interfaces for T 0 = 2 for t = 0, 1 and 2, when the interfaces are reconstructed with the onionskin algorithm [12, 37] . Figure 9 illustrates the same interfaces for T 0 = 2 for t = 0, 1 and 2, when the triple-point is reconstructed with the method for triplepoints presently described. The actual planes reconstructed by the onion-skin and triple-point algorithms in each cell are represented on Figures 8 and 9 respectively, instead of the post-processed level lines of the various materials. Results show that the flotsam is slightly decreased when using the triple-point reconstruction technique for coarser meshes, but the quality of the convergence properties and the robustness of the method when the mesh gets finer are similar.
Conclusions
In multiphase flows, the determination of the topology (or geometric configuration) inside cells containing more than two materials is a difficult challenge. A new method for the reconstruction of triple-point interfaces has been presented as an alternative to onion-skin methods. It has been designed to treat any configuration
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Triple-point method Figure 8 . Single vortex test case with horizontal interface for T = 2: solution at times t = 0, 1 and 2 (the initial shape is an exact circle with center (0.5, 0.75)). Convergence study for decreasing mesh sizes for three materials reconstruction with the onion-skin model [12, 37] . First row: mesh 16 × 16 × 1 and time step 0.2; second row: mesh 32 × 32 × 1 and time step 0.1; third row: mesh 64 × 64 × 1 and time step 0.05. Since only the PLIC lines are represented, the interface is on the cell edge if a cell is full or empty.
of three materials in two dimensions, arranged around a triple-point. By construction, this method is more efficient for Y-shaped interfaces than for T-shaped configurations. Numerical results have shown that the proposed method is an efficient alternative to the layers formulation of multi-phases flows, and decreases the flotsam, especially for coarse meshes. The method has proved to be robust in many static and dynamic cases. Figure 9 . Single vortex test case with horizontal interface for T = 2: solution at times t = 0, 1 and 2 (the initial shape is an exact circle with center (0.5, 0.75)). Convergence study for decreasing mesh sizes for the three materials reconstruction with the present triple-point algorithm. First row: mesh 16 × 16 × 1 and time step 0.2; second row: mesh 32 × 32 × 1 and time step 0.1; third row: mesh 64 × 64 × 1 and time step 0.05. Since only the PLIC lines are represented, the interface is on the cell edge if a cell is full or empty.
